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Abstract 

The frame-like covariant Lagrangian formulation of bosonic and fermionic 
mixed-symmetry type higher spin massless fields propagating on the AdSd 
background is proposed. Higher spin fields are described in terms of gauge 
p-forms which carry tangent indices representing certain traceless tensor or 
gamma transversal spinor-tensor representations of the AdSd algebra o{d — 
1, 2) (or o{d, 1) for bosonic fields in dSd)- Manifestly gauge invariant Abelian 
higher spin field strengths are introduced for the general case. We describe 
the general framework and demonstrate how it works for the mixed-symmetry 
type fields associated with the three-cell "hook" and arbitrary two-row rect- 
angular tableaux. The manifestly gauge invariant actions for these fields are 
presented in a simple form. The flat limit is also analyzed. 



1 Introduction 

The problem of covariant Lagrangian description of arbitrary spin fields propagating 
on fiat P0-[II1 and (anti)de Sitter {{A)dS) [IH]-jSni backgrounds attracts consider- 
able attention. The interest is motivated by the fact that higher spin fields and 
higher spin symmetries show up in a wide range of models from string theories to 
higher spin gauge theories describing interacting dynamics of massless fields on the 
Minkowski and the {A)dSd backgrounds [3^1-1121 (for review and more refer- 

ences see |4H 1^). Possible relations of higher spin gauge theory with a tensionless 
limit of string theory in AdS space and boundary conformal models was exten- 
sively discussed in |lS]-|niIl in the context of weak coupling regime of the AdS /C FT 
correspondence [HT]-[H!^. 
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To date, symmetric higher spin field dynamics (both massive and massless) pro- 
vides the most elaborated case among the variety of unitary irreps of Poincare and 
AdS algebras |21ElEllIHllinil2niinil21j- To some extent, this is because in the 
four dimensional space-time there is no room for mixed-symmetry irreps except for 
dual theories involving "exotic" symmetry type dynamical variables^. However, for 
higher space-time dimensions, mixed-symmetry representations do appear and the 
problem of their field-theoretical description has not been yet worked out in full 
generality. In case of Minkowski space several approaches were suggested to analyze 
mixed-symmetry fields [T^ ITBl IT^ ITT] . Covariant formulation for generic mixed- 
symmetry fields in AdSd is still lacking however, despite some progress achieved in 

1^ ^Tl\ 1^ l3Uj ■ The peculiarity which complicates the straightforward extension 
of the fiat results is that the classification of massless fields is essentially different 
for Poincare and AdSd algebras. From the field-theoretical perspective, this fact 
manifests itself in different sets of gauge symmetries in flat and AdSd space-times 
(221 12S] • As a consequence, an irreducible AdSd mixed-symmetry fleld decomposes 
into a set of flat flelds in the flat limit |23j . 

In this paper we propose a new approach to the covariant description of generic 
mixed-symmetry flelds propagating on the AdSd background, which generalizes the 
"gauge" formulation of the symmetric fleld dynamics developed previously in [Ul Q^l 
1201 1211 inni as well as analogous flrst-order approach elaborated by Zinoviev in (30] 
for particular mixed-symmetry flelds. 

The construction is surprisingly simple. Let a lowest weight unitary massless 
representation of the AdSd algebra o{d— 1, 2) be characterized by the lowest energy 
subspace described as a representation of o{d — 1) C o{d — 1,2) by a traceless Young 
tableau Yo(d-i) which has a longest row of length s and a shortest column of height p. 
Then the corresponding fleld-theoretical system can be described by a p-form gauge 
fleld which takes values in the representation of the AdSd algebra o{d—l, 2) described 
by the traceless Young tableau Yo(d-i,2) obtained from that of ^0(^-1) by cutting the 
shortest column and adding the longest row of length s — 1. The resulting p-form 
gauge fleld contains the physical higher spin gauge fleld along with all necessary 
auxiliary and extra flelds and allows one to construct manifestly gauge invariant 
fleld strengths to be used to build invariant action in the MacDowell-Mansouri form 
pSj. The formulation in terms of p-form connections and higher spin curvatures 
allows us to control higher spin gauge symmetries in geometric terms. 

As far as bosonic massless flelds are concerned, the proposed formulation works 
equally well in de Sitter background. For fermions this is not the case because the 
dS reality conditions for massless flelds require imaginary mass-like parameters in 
the action. For deflniteness we will mostly refer to the AdS case in this paper. 

The paper is organized as follows. In section 2 we present the general scheme, 
flx an appropriate set of flelds and gauge symmetries, discuss a form of the ac- 
tion functional and generalized Weyl tensors. The particular examples of three-cell 
"hook" tableau, four-cell "window" tableau, and an arbitrary two-row rectangular 
Young tableau are considered, respectively, in subsections 3.1, 3.2 and 3.3 of section 

^For detailed discussion of dual theories in diverse dimensions see recent papers [SI], JS], 

insi, isni, Ezi- 
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3. For these models we build manifestly gauge invariant actions which properly de- 
scribe the field dynamics on the {A)dSd background and investigate their fiat limits. 
Conclusion is given in section 4. 

2 General scheme 

2.1 Young tableaux and trace conditions 

Let denote a tensor^ 

^ai(si),a2(s2), ... ,a<j(sq) ^2 l) 

which is symmetric in each group of indices^ ai{si) and satisfies the Young symmetry 
conditions associated with the Young tableau Y{si, S2, ■ ■ ■ , Sg) composed of q rows 
of lengths Si > S2 > > . . . > Sg > 0, i.e. symmetrization of all indices in i^^ row 
with any index from some {i + kY^ {k > 0) row gives zero. 
Let the tensor 1)2.11) satisfy the conditions 

Va.a.Va.a.A'^'^''^'^'''''^'-''"'^''''^ = , < t < m (2.2) 

and 

r/a,a,^"'^''^'"'^''^'-'"'^''^ = , m<i<q, (2.3) 

where rjab is some metric, which has signature {p, r) (for the Lorentz case, for exam- 
ple, p = d — 1 and r = 1) and m is some non-negative integer. The condition ()2.2p 
means that contraction of any two pairs of indices from any of the first m rows of 
the Young tableau gives zero. The condition ()2.3|) means that contraction of any 
pair of indices from the last q — m rows gives zero. 

The linear space of tensors ()2.1|) which have the Young properties of the type 
y(si, . . . ,Sq) and satisfy the conditions ()2.2j) . ()2.3|) will be denoted i?^''(si, . . . ,Sg). 
Note that Bf'^{si, . . . , Sg) C Bj'^{si, . . . ,Sg) for i < j. Bq'^{si, . . . ,Sg) is the space 
of traceless tensors with the Y{si, . . . ,Sg) Young properties. 

The following lemmas are simple consequences of the definitions ()2.2|) - ()2.3p and 
the Young symmetry properties of ()2.ip . 

Lemma 1 

Contraction of rn^aiajVa^ai) with any four symmetrized indices of a tensor from 
SP;'^(si,...,Sg) gives zero. 

^Throughout the paper we work within the mostly minus signature and use notations m.n = 
~ d — 1 for world indices, a,b — ~ d ^ 1 for tangent Lorentz so(d —1,1) vector indices and 
A,B = (i for tangent {A)dSd {so{d — l,2))so{d,l) vector indices. We also use condensed 
notations of jlHj for a set of symmetric vector indices: a{k) = (ai . . . at)- Upper (lower) indices 
denoted by the same letter are assumed to be symmetrized as X'^Y'^ = ^{X"''^Y°'^ + X"-^Y°-'^) prior 
contractions. 

^Usually, the parameter q in 1)2.1(1 satisfies the inequality q < where = [|] — 1 is the rank 
of the little group SO{d — 2) for Minkowski space or v — [^^] is the rank of SO{d— 1) in the case 
of AdSd, although dual descriptions with larger q are also possible. 
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Lemma 1 is a corollary of ()2.2|) and the Young symmetry properties, which 
guarantee that any group of symmetrized indices can be placed in the first row. 
Lemma 2 



From Lemma 1 it follows that 



(2.4) 



i.e. any double trace gives zero provided that any three of the contracted indices 
are symmetrized. 

This is because rjabrjcd belongs to the symmetric part of the tensor product 



(m (g) 



ml = crm © ffl . 

sym 



(2.5) 



Nonzero traces in B^^{si, . . . , Sq) therefore can only appear when all elementary 
contractions hit different rows. 
Lemma 3 



The condition ()2.3j) along with Lemma 2 mean that contraction of any m + 1 
pairs of indices of y4«i{«i)'«2(s2),...,ag{sq) ^ Bp^^^si, . . . ,Sq) gives zero. 

It is convenient to treat Young tableaux as built of horizontal rectangular blocks 
{s,p) of length s and height p as elementary entities: 



P 



(2.6) 



Then one operates with a Young tableau Y{si, Sg) with indices rearranged into 
elementary blocks 

^(si,...,s,) ^ ^(si,pi);(s2,P2); ... ; (sfc.Pfc) ^ (^2.7) 

where blocks are described by the sets of pairs of positive integers {si,pi) with 
§1 > §2 > ■ ■ ■ > Sfc > and Pi such that J2i Pi = 1- The exact identification in ()2.7|) 
is 



Sl = Si 



'^Pl+P2 ^ • • • ^ Sf^ S 



pl+...+pfc_l+l 



Pi 



P2 



Pk 



For the upper block it is sometimes convenient to use notations Si = s and pi = p. 

Recall that a rectangular block is invariant (may be up to a sign) with respect 
to exchange of its rows. As a result it follows 

Lemma 4 

Once ()2.H|1 is true for one of the rows of a rectangular block it is true for the 
entire block, i.e. BPi[{si, ...,Sq) = -^^^(si, . . . , Sg) if s^.+i = Sm^+i- 

Therefore, it is sufficient to impose the trace condition ()2.3|) for any row inside 
a horizontal block {e.g., upper row). 
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2.2 Background geometry and compensators 

The background Minkowski or {A)dSd geometry is described by the frame field 
h"" = hn"" dx- and Lorentz spin connection uo"'^ = Un""^ dx- which obey the equation 

= X\si /i^"i/i^e^"'^''"^^''-''''^''^ + ...)-(M^I^) , (2-9) 

where 

■p j^ai{si),... ,ag{sq) _ Q j^ai{si), ... ,ag{sq) , ai ^ai (si-l)c, ... ,aq(s,) , g _ 

- - I n c ■■■ y n Q^n- 

(2.10) 

The zero-torsion condition T>nhm°' ~ '^rnhr^ = is imposed. It expresses uJrr^^ in 
terms of hm"". Note that the equation (j2.9p describes AdSd space-time with the 
symmetry algebra o{d — 1,2) when > and dSd space-time with the symmetry 
algebra o{d, 1) when < 0. Minkowski space-time corresponds to A = 0. In the 
fermionic case, massless equations contain mass-like terms expressed in units of A. 
A formal complication for the de Sitter case is that these terms become imaginary. 

In the sequel, we extensively use {A)dSd covariant notations and operate with 
Young tableaux A^i(«i)'^2{*2),...,Afe(sfe)^^^^ where = O^d is an o(d- 1,2) or o{d,l) 

vector index. To relate the {A)dS covariant approach with the Lorentz-covariant 
approach it is useful to introduce the compensator field V'^^x) normalized as V^Va = 
± 1 69j. It allows one to identify the Lorentz subalgebra so{d — 1, 1) of the {A)dSd 
algebra {so{d — 1, 2))so((i, 1) with the stability algebra of the compensator. With 
the help of the compensator field, the covariant splitting of the {so{d — 1, 2))so{d, 1) 
1-form connection VL"^^ = —Q^^ into the frame field and the Lorentz spin 
connection = —u^^ is defined as follows 

XE'^ = DV^ = dV^ + Q'^''VB , c^^^ = fi^^TA(E^y^-E^y^) . (2.11) 

It follows that 

E^Va = 0, VV^ = dV^ + uj^^Vb = . (2.12) 

The metric tensor is g mn = E^Ej^ tiab ■ In these notations, the background {A)dSd 
geometry is described by the {A)dSd connection W^^={h"', Uq^) satisfying the zero- 
curvature equation (see, e.g., [H] for more detail) 

R^^{W) =dW^^ + W^c AW^^ = . (2.13) 

The action of the covariant derivative Dq on an arbitrary {A)dSd tensor is given by 

(2.14) 

+si W^^c A -)-...-)- W^'^c A yl^i('5i)----:C'^fc(«fc-i) 

2.3 Mixed- symmetry bosonic massless fields 

Relativistic fields in AdSd which admit quantum-mechanically consistent formula- 
tion are classified according to lowest weight unitary representations of o{d — 1, 2). 
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Unitarity is the standard quantum mechanical requirement while lowest weight guar- 
antees that the energy is bounded from below. Note that the case of dSd does not 
allow irreps which are both unitary and lowest (highest) weight, that makes impor- 
tant difference compared to AdSd- 

Lowest weight unitary irreps D(Eo, s) are constructed in a standard fashion 
starting with a vacuum space l-EoiS) that forms a unitary module of the maximal 
compact subalgebra o{2)(Bo{d — l) C o{d — l, 2). Here Eq is lowest energy eigenvalue 
and s = (si, Sg, 0, 0) with q < u = [^-^] is a generalized spin. In terms of Young 
tableaux, Sj is the length of i*^ row of the o{d — 1) Young tableau Y{si, Sg). 

Let the vacuum representation of o{d — 1,2) with some energy Eq form a finite- 
dimensional irrep of o{d — 1) characterized by the o{d — 1) traceless Young tableau 



s 



S2 



P2 









Sk 
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pk-1 



(2.15) 

Massless and singleton fields on AdSd are described by UIRs with lowest energies 
saturating the unitarity bound Eo = Eq{s). As shown in j22|, for bosonic fields 

Eo{s) = s -p + d-2 . (2.16) 

A mixed-symmetry massless higher spin bosonic particle with spin s = (si, Sq, 0, 0) 
can be described by the field 

^ai(si),a2(.2),...,a,K)^^^ (z B^-'^\si, . . . , Sg) , (2.17) 
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where p is the height of the upper rectangular block of the Young tableau Y{si, S2, ■ ■ ■ , Sq), 
i.e. 

s = Si = S2 = ■ ■ ■ = Sp > Sp+i > ■ ■ ■ > Sg > , < p < q . (2.18) 

The field <|) (^i ••••'*'?) (x) generalizes the fluctuational part of the metric field in grav- 
itation and will be referred to as metric-type field. (One can use either tangent or 
world indices since they can be converted into each other by the background frame 
1-form h"".) 

The trace conditions ()2.2j) . ()2.3p imposed on the metric-type field ^('^^'■■■'^i)(^x) 
generalize the Fronsdal double-tracelessness condition for totally symmetric fields jSj 
to higher spin fields of any symmetry type. Note that there are other generalizations 
of Fronsdal trace conditions for mixed symmetry fields in the literature ^T] ^1 . 
Our choice differs from some of them in that the double-tracelessness condition is 
imposed on the upper rectangular block while the rest of the Young tableau obeys 
the single-tracelessness condition (the distinguished role of the upper rectangular 
block is clear from (j2.16|) and will also be commented on later). The discrepancy 
between our approach and others comes to light for non-rectangular Young tableaux 
which contain at least two different blocks of length 2 or more. The simplest example 
is provided by the Y{3, 2) tableau. 

In our formulation, the flat space higher spin gauge transformations have a struc- 
ture analogous to that proposed in jT2] 

... = ^ (p^i^u ... ,s^-i, ... ,s,)^ ^ ^2.19) 

i=p 

where the gauge parameters ^l^^' "' ^' ■ ■ '^''^ are described by various Young tableaux 
Y{si, ... ,Si — 1, ... , Sq) provided that Sj — 1 > Sj+i. The gauge parameter 

d''' ■■■''''^helongs to B'pZl'\s„ .^-l, ...,.,), while e^' - - '^'^ 
ior k > p belongs to Bp~^'^{si, ... , — 1, ... , Sg). V^^^ in ()2.19|) are projectors that 
involve appropriate Young symmetrizations and take proper account of traces to 
project the r.h.s. to Bp~^'^{si, . . . ,Sq). 

From the unitarity requirement it follows [22] that gauge symmetries for a mixed- 
symmetry type field are different in fiat and AdSd backgrounds. According to |22] 
the higher spin gauge symmetries in ()2.19|) with the parameters ^l**!' i>....s<j) .^j^-j^ 
i > p are absent in the AdSd background. In other words, to obtain the correct set 
of AdSd gauge parameters one is allowed to cut a cell from the upper rectangular 
block only. Parameters with i > p appear in the fiat limit. They can play a role in 
the AdSd theory as Stueckelberg symmetry parameters, however [22] ■ 
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2.4 Frame-like formulation for mixed-symmetry bosonic mass- 
less fields 

The idea of our approach is to replace the metric-type field ()2.17p by 

the frame-type p-form field 



••• ,a.pis-l),ap+i{sp+-i), ... ,aq{sq) 



dx-i A .... A dx-P t^[ni...np 



ai(s— 1), ... ,ap(s— 1), ap+i(sp+i), ... ,aq{sq) 



(2.20) 



which takes values in the traceless tensor representation Bq~^'^{s—1, ... , s— 1, Sp+i, ... , Sq) 
of the Lorentz group. In other words, we cut off the last column in the upper rect- 
angular block of F(si, Sq) replacing it by independent p-form indices. The gauge 
symmetries of the p-form field ci;(p) are required to be of the form 

^.-1,...,.,) ^ 2)e[-J.->^.) + J2 P« (h A ^(-;.-'«^+i.--^..o)^ _ ^2.21) 

i=p+i 

The {p — l)-form gauge parameter which generalizes the linearized dif- 

feomorphism transformation of the frame field, belongs to the same representation 
Bq~^'^{s — 1, ... , s — 1, Sp+i, ...,Sq) of the tangent Lorentz group as a; (p). The (p — l)- 
form shift parameters j^^-- ••• .s^+i) ,p+l</<g + l (with the convention 

that Sg+i = 0) belong to Bq~^'^{s — 1, ... , + 1, ■■■ ,Sq , Sg+i) and generalize the lin- 
earized Lorentz transformations of the frame field. They take values in the tangent 
Young tableaux which differ from that of uj(^p) by one extra cell in l^^ row. This extra 
cell is always contracted with the tangent index of the background frame field h. 
are projectors that take proper account of Young symmetrizations. 
The metric-type field is expressed in terms of the component fields of ()2.2()j) as 
follows 

^ai(si),a2(s2), ... ,09(^9)^2;) = ■■■ '«p(«-1)' ■■■ '«>j{«9) (^3;) ^ (2.22) 

i.e. it results from symmetrization of the form indices (converted into the tangent 
ones) with the tangent indices of first p rows of co'(p). From this formula it follows that 
such defined - belongs to B^^^'^^si, Sq). Indeed, the irreducible Young 
properties are obvious from ()2.22|) since symmetrization of any index from a lowest 
row with all indices of some upper row gives zero either because of the Young 
properties of the tangent indices of the component fields of ()2.20|) (if a symmetrized 
index originates from the tangent indices of uj{p)) or because of antisymmetry of the 
form indices (if a symmetrized index is one of the form indices of a;(p)). Nonzero 
traces in <|)(*i' - '**9) can only result from contractions of the form indices with tangent 
indices. This just gives the conditions ()2.2|) . ()2.3|) . 

The role of the gauge parameters ^(p-i), which appear in the gauge law ()2.2ip 
without derivatives, is to compensate redundant components of the p-form field 
(|2.2(Jj) compared to the metric- type field (|2.22j) . The shift symmetry in the gauge 
law (|2.2ip compensates all components except for the field $(*i' - '*9). The simplest 
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way to see that the shift symmetry parameters do not affect the gauge law for 
the field <|)(^1'---'*'j) is to observe that any Lorentz invariant scalar product between 
$(si,. -,sq) g^j^^ shift parameters gives zero as a consequence of their Young properties, 
i.e. they are described by different Young tableaux. 

The derivative part of the gauge law ()2.2H) is such that the gauge transformation 
of the field <|)(*i' - '*9) coincides with fl2.19|) with all gauge parameters with i > p 
absent. Thus, for the AdSd background, the p-form field ()2.20j) with the gauge 
law ()2.2ip describes the metric-type field <|)('*i' - ''*9) with the correct pattern of AdSd 
gauge symmetries. It generalizes the 1-form gauge connection Cn"^*"^-* introduced in 
in] to describe totally symmetric spin-s gauge fields. Note that the same formalism 
can be used to describe dynamics in dSd- 

To construct manifestly gauge invariant action one has to introduce more fields 
which generalize auxiliary and extra fields of jE] , llHI , [20] • The idea is to associate 
the shift gauge parameters of ()2.2H1 with some new gauge fields which generalize 
Lorentz connection. These will be called auxiliary fields while the original p-form 
()2.20j) will be referred to as physical field. The auxiliary fields have transformation 
laws analogous to 1)2.211) with the derivative parts containing the shift parameters 
from the gauge transformation law 1)2.211) of the physical p-form. In addition, there 
will be some new shift parameters in the transformation laws of the auxiliary fields. 
In their turn, these new shift parameters require new gauge fields called extra fields. 
This procedure extends further to obtain a full set of physical, auxiliary and extra 
fields necessary to construct curvature {p + l)-forms manifestly invariant under the 
full set of gauge symmetries. The analysis of the pattern of the full list of additional 
gauge fields is greatly simplified by the observation applied in |39| to the case of 
totally symmetric fields that they all result from "dimensional reduction" of a p- 
form gauge field carrying an appropriate irreducible representation of o{d— 1, 2) (or 
oid,l)). 

2.5 {A)dSd covariant setup 

As explained below, the appropriate set of gauge fields is given by a p-form 

^^^^Ao{ro),Ai{ri),...,A,{r,) ^ ^^2.23) 

which takes values in the representation of the AdSd algebra described by the trace- 
less Young tableau Y{ro,ri, . . . ,rq) with 

ro = ri = . . . = Tp = s — 1 , Ti = Si for i > p . (2.24) 

(Contraction of any two tangent indices A with the o{d — 1, 2) invariant metric 
TjAB gives zero.) In other words, to describe a massless particle associated with 
the vacuum energy representation ()2.15p i?o~^'°(s, ■ ■ ■ ,s, Sp+i, . . . , Sg) of o{d — 1) C 

p 

o{d — 1, 2) we suggest to use the p-form connection ()2.23j) which takes values in the 
representation Bq~^''^{s — 1, . . . , s — 1, Sp+i, . . . ,Sq) of the AdSd algebra o{d — 1, 2). 

P+i 
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The rule therefore is: to obtain the {A)dSd tensor representation of the gauge field 
one cuts the shortest column and then adds the longest row to the Young tableau of 
the vacuum energy representation under consideration. The gauge field is a p-form 
where p is the height of the cut column of the original vacuum representation. 
Tensors from Bq~^''^{s — 1, . . . , s — 1, Sp+i, . . . ,Sq) can be depicted as 

p+i 
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(2.25) 

The set of various p-form Lorentz-covariant gauge fields, including physical, auxil- 
iary and extra fields, associated with a particular mixed- symmetry representation 
of the AdSd algebra, is in the one-to-one correspondence with the set of irreducible 
representations of the Lorentz subalgebra o{d — 1, 1) C o{d — 1,2), contained in 
-Bo~^'^(s — 1, . . . , s — 1, Sp+i, . . . ,Sg). In practice, Lorentz-covariant component fields 
P+i 

are identified with various independent traceless V^-transversal components in the 
original o{d — 1, 2) traceless Young tableau. For the particular case of gravitation 
it works as in Eg. 1)2.111) . The decomposition of an arbitrary mixed-symmetry field 
yields the set of p-form Lorentz-covariant tensor fields represented by the following 
Young tableaux: 
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Pk-l 



(2.26) 



(2.27) 

0). The corresponding Lorentz- 



where 

•Sj.+ l ^ ti <: Si , 

(with the convention that Si = s — 1 and Sk+i = 
covariant tensors result from contractions of some of the indices of the original 
o{d — 1, 2) tensor with the compensator along with projecting out the 
transversal components with respect to the rest of indices. In the tableau ()2.26|) 
the indices contracted with the compensator are denoted as \o\. They disappear 
from the resulting Lorentz tableau drown in bold because the compensator is, by 
definition, Lorentz invariant. Clearly the result is equivalent to the dimensional 
reduction of an irreducible tensor to one lower dimension^. Note that in the list of 
resulting Lorentz tableaux no two contractions with the compensator hit the same 
column, i.e., no two cells [l are situated one under another. This is because the 
product of two compensators V^V^ is a symmetric tensor. 



^The interpretation of the picture (|2.2t)|) is somewhat schematic in that respect that the straight- 
forward dimensional reduction of an irreducible Young tableau by contracting some of the indices 
with the compensator does not generically produce an irreducible lower-dimensional (i.e., Lorentz 
in our case) Young tableau. Nevertheless, one can see that the list of the resulting irreducible 
components is correctly reproduced by the bold Young tableaux in 1)2. 26|) . 
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To summarize, the decomposition of the {A)dSd p-form gauge field with tangent 
indices given by the traceless {o{d — 1, 2))o{d, 1) Young tableau ()2.25|) into a set of 
Lorentz-covariant p-form fields is 

(2.28) 

(ilv.ifc) 

where the fields co'(p)(*^''"'*'-'^ parameterized by the integers tj (j2.27p have tangent 
indices given by various traceless o{d — 1, 1) Young tableaux ()2.26|) . ()2.27p . 

The dynamical interpretation of different Lorentz-covariant fields is as follows: 

• The physical field corresponds to the tableau (j2.26p with tj = Sj+i for all i, 
which is equivalent to cut off the upper row in the Young tableau (j2.25p . This 
means that the physical field is identified with the maximally V^-tangential 
component of the (^4)^5' field f|2.23|) . associated with the contraction of its 
s — 1 indices with V^, i.e. 

■■■ ,ap{s-l),ap+iisp+i), ... ,aq(sq) _ y^^ ^ ^ ^ y^^ Q^^^Ao{s-l),ai{s-l), ... ,aq{sq) ^ 

s-1 

(2.29) 

Note that contraction of any s indices of il(p-)^'^^^~^^' ■■■ •^■j^*'?) with V"^ gives zero 
because of the Young properties of f2(p)"^o(*~^)' ••• 

• The auxiliary fields have tangent Lorentz tableaux which differ from the phys- 
ical field by one cell, i.e. they correspond to tableaux ()2.26|) with tj = sj+i + 1 
for some particular j, while tj = Sj+i for all other i. There are k different 
auxiliary fields for a Young tableau composed of k blocks (j2.25j) . 

• The class of extra fields includes all the rest Lorentz tableaux (j2.26|) having 
two or more additional cells compared to the physical field tableau. 

The linearized higher spin curvature {p + l)-form associated with the gauge in- 
form field - (IT^ is 

i?(p+l)^n(^-^)'-'^«(^^) = Dof^(p)^n(^-^)'-'^'(^') , (2.30) 

where the {o{d — l,2))o{d, 1) covariant derivative Dq is defined according to (j2.14j) 
with respect to some background {A)dSd connection W^^ fj2.13p . 
The curvature (p + l)-form is manifestly invariant 

= (2.31) 

under the gauge transformations 

- ■ = Doe(p_i)^»('-^)' - ' ^"^'"'^ (2.32) 

with the {p — l)-form gauge parameter (^(^^^^^^ois-i), ... ,Aq{sq) ^^.^^ satisfies Bianchi 
identities 

Do%+i)^°^'"^^' - • ^'^''^ = (2.33) 
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as a consequence of the zero-curvature condition Dq = ()2.13p . Another conse- 
quence of the zero-curvature condition is that the gauge transformations ()2.32j) are 
reducible. There exists the set of level- (/ + 2) (0 < / < p — 2) gauge parameters and 
gauge transformations of the form 

<5e{p-/-i)^°(^'')'-'^'(^') = Doe{p-/-2)^°^'-'^'-'^«^''^ . (2.34) 

The gauge transformation law ()2.32|) gives precise form of ()2.21|) along with gauge 
transformations for all auxiliary and extra fields. 



2.6 Fermionic mixed-symmetry massless fields 

Formulation of mixed-symmetry fermionic massless fields is analogous. Consider 
a fermionic field which describes upon quantization the unitary module of the 
AdSd symmetry group o{d — 1,2) induced from the vacuum module of its maxi- 
mal compact subgroup o(2) (Bo{d— 1), characterized by some energy Eq and "spin" 
s = {hi, . . . ,hg, 1/2, 1/2) with hi > h2 > ■ ■ ■ > hg > 1/2, where all 2/ij are odd 
and q < u = [^^] . In terms of the Young tableau associated with the corresponding 
spinor-tensor representation of o{d — 1), Sj = {hi — 1/2) is the length of its i*'* row. 
The vacuum energy Eq of massless fermionic fields is [221 

Eo = si-p + d-^, (2.35) 

where p is the height of the upper rectangular block. 
Introduce a Lorentz-covariant spinor-tensor field 

^a\ai{si),a2(s2),...,aq{sq) ^ (2.36) 

which is symmetric in each group of indices ai{si) and satisfies the Young symmetry 
conditions associated with the Young tableau Y{si, S2, ■ ■ ■ , Sg). {a is Lorentz spinor 
index.) 

Let the spinor-tensor ()2.36p satisfy the conditions 

{lananaXpi^^^"''^''^'"'^''^'-'^'^'"^ = , < ^ < TTl , (2.37) 

and 

Ta,"/?^^'"'^"'^'"'^'"^'-'"^^"'^ = , m<i<q, (2.38) 

where ja are Dirac matrices, {ja, lb} = ^rjab, and m is some non-negative integer. 
The linear space of o{d — 1, 1) spinor-tensors ()2.3(ij) which have the Young proper- 
ties of the type Y{si, Sg) and satisfy the conditions ()2.37|) . ()2.38p will be denoted 
F^^'^{si, . . . ,Sg) (respectively, F^'^'(si, . . . ,Sg) for o{p, r)). It follows from the con- 
dition ()2.37|) that contraction of any two pairs of indices from any of the first m 
rows of the Young tableau gives zero. Also, it follows from (j2.38j) that contraction 
of any pair of indices from the last q — m rows gives zero. 

To describe AdSd dynamics of a spin-s massless fermion, introduce a Lorentz- 
covariant spinor-tensor field 

\a^{s,),a2{s2),...,aqis,)^^^ ^ pd-lAf^^^^ . . . , S,) , (2.39) 
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where p is the height of the upper rectangular block of the Young tableau Y{si, S2, ■ ■ ■ Sq), 
i.e. 

s = Si = S2 = ■ ■ ■ = Sp > Sp+i >--->Sg>0, < p < q . (2.40) 

Analogously to the case of bosonic fields, the metric-type field ()2.H9|) is replaced 
by the p-foim spinor-tensor field^ 

^^^a|Ao(s-l),...,A,(s,) ^ (2.41) 

which take values in the representation Fq~^'^(s — 1, . . . , s — 1, s„+i, . . . , s„) of o(d — 

. " 

p+i 

1, 2). Here a is some irreducible o{d — 1, 2) spinor index, i.e. it is Majorana or Weyl 
or both, whenever possible. The Lorentz spinor index a is then identified with the 
o{d — 1,2) spinor index a, which means that it is not necessarily irreducible (e.g., 
chiral) with respect to o{d — 1, 1). 

The background covariant derivative acts on an arbitrary AdS^ spinor-tensor in 
the standard way 

D^fOL |Ai{si) , ...,Am{Sm) 

^ ^^a\Ai{s-L) ,...,Am{sm) J^\^r^^ (^^BCy ^ ^ \Ax{si) , ... , Am{s,n) 

2 

W^^c A \CAx(sx-l) ,...,Am{sm) _|_ _ _ _ _|_ W^"^c A '^'^ \Ai(si),...,CA„^(s,n-l) ^ 

(2.42) 

where the background connection W"^^ satisfies the zero-curvature condition ()2.13p 
and 

The fermionic curvature 

R^^^^»\Ms~l),-,A,{s,) ^ jj^^^^a\Ao{s-l),...,A,{s,) ^2.43) 

is invariant 

SR(p+if - ' ^^(^«) = (2.44) 

under the gauge transformations 

SQ^pf\Ms-l),-,A,{s,) ^ jj^^^^_^^&\Ao{s-l),...,A,is,) ^ (2.45) 

The physical field is 



S-1 



(2.46) 



^Thc analogous construction was exploited in |7()l I4()j to describe symmetric massless fermions 
in AdS^. 
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In the fermionic case all other components in 

^^^a|Ao(s-l),...,A,(s,) ^2.47) 

will be called extra fields. The metric-type component is defined in terms of physical 
field analogously to the bosonic case (|2.22|) 

^o|ai(si),a2(s2),...,a,{sg)^^^ _ [ai...ap] ; ai (s-1), ... ,ap(s-l), ap+i(sp+i), ... ,a,(s,) j^^-j ^ (2.48) 

As a result, it satisfies the conditions (j2.37|) and (|2.38|) and belongs to Fp^^'^(si, . . . , s^). 



2.7 Action and Weyl tensors 

Having constructed the gauge invariant linearized curvatures (I2.3(jp and (|2.43|) one 
can look for a free action functional in the form [20] 

S2 = I a-{V) E-A. AE- A R^^_^,~^ A . (2.49) 

Here E is the background frame field and a"{y) are some coefficients which pa- 
rameterize various types of index contractions between curvatures, frame fields and 
compensators. Any such action is gauge invariant with respect to the full set of 
gauge transformations because of dOH), (^3^ and ^T^. 

The coefficients have to be determined by imposing the extra field decoupling 
condition which, effectively, requires the action to be free of higher derivatives of 
the physical field. Actually, in the fermionic case, the higher spin equations should 
be first-order that will be true if the variation of ^2 with respect to all extra fields 
is demanded to identically vanish [21]. In the bosonic case, the higher spin equa- 
tions are of second-order. As the auxiliary fields are expressed by virtue of their 
equations of motion in terms of first derivatives of the metric- type field ^(■^i' - '*'?) 
modulo pure gauge parts, the bosonic equations of motion will be of second-order 
once the variation of S2 with respect to extra fields vanishes identically [201 • As 
soon as the coefficients that guarantee independence of extra fields are found, the 
resulting action will, by construction, be invariant under correct higher spin gauge 
transformations and give rise to invariant differential equations for the metric-type 
field $"i('^i).'*2('^2),...,a,K)(^^-) ^j^g bosonic case and l«i(^i)'''2(s2),...,a5K)(^a,) in ^^e 

fermionic case. Realization of this program for a general massless field will be given 
elsewhere. In Section 3 we illustrate how it works for some simple examples. 

Although extra fields do not contribute to the free higher spin action, they play 
a role at the interaction level. It is therefore necessary to express auxiliary and extra 
fields in terms of derivatives of the physical fields by appropriate constraints. The 
strategy that proved to be most appropriate for the case of symmetric fields [121 1201 
1^ is to impose constrains in terms of linearized higher spin curvatures setting to 
zero as many of their components as possible to express algebraically auxiliary and 
extra fields in terms of derivatives of the physical fields. These constraints generalize 
the zero-torsion constraint in gravity which expresses Lorentz connection in terms 
of first derivatives of the physical field identified with the frame 1-form. 
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The analysis of constraints for the case of generic mixed symmetry massless 
fields is important in several respects. In particular, it provides a starting point 
towards the unfolded formulation of nonlinear higher spin dynamics in the form 
of appropriate covariant constancy conditions. For the case of totally symmetric 
massless fields it is known fl^ 1^ that the constraints for auxiliary and extra fields 
along with the field equations and Bianchi identities allow one to set equal to zero 
most of the components of the linearized higher spin curvatures. By analogy with 
gravity, the non-zero components are called higher spin Weyl tensors. As imposed 
constraints express all fields in terms of derivatives of the physical higher spin field, 
the generalized Weyl tensors turn out to be expressed in terms of derivatives of the 
physical field and, being components of the higher spin curvatures, remain invariant 
under the higher spin gauge transformations. As a result, generalized Weyl tensors 
parameterize those gauge invariant combinations of derivatives of the physical fields 
which remain nonzero on-mass-shell. The full analysis of their structure, as well 
as of the structure of constraints, is beyond the scope of this paper. Here we only 
would like to note that our construction naturally gives rise to the Weyl tensors 
analogous to the gauge invariant mixed symmetry higher spin curvatures found by 
Medeiros and Hull in J7] within non-local formulation of higher spin dynamics in 
Minkowski space. 

Since an irreducible AdSd system decomposes in the flat limit into a set of in- 
dependent mixed-symmetry Minkowski higher spin fields, it is natural to conjecture 
that the Weyl tensors associated with any irreducible fiat space subsystem should 
appear. From the analysis of [23 HZ] it follows that the set of fiat space generalized 
Weyl tensors associated with the AdSd mixed-symmetry field, described in terms of 
a p-form connection taking values in the AdSd Young tableau (|2.25|) . is given by the 
set of various Young tableaux of the form 
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(2.50) 
where 

Sj+i < "-i < (2.51) 

(with the convention that 2 < i < k and s^+i = 0). In the AdSd case, Weyl tensors 
()2.50p are components of some irreducible o{d — l,2)-module. This imphes that 
Weyl tensors ()2.50|) should be related to each other by some differential equations 
which express compatibility conditions {i.e., Bianchi identities) for the expressions 
of higher spin curvatures in terms of Weyl tensors. Systematic analysis of these 
relations to be presented elsewhere will lead to the full unfolded formulation of the 
higher spin dynamics for free mixed fields in AdSd- 

The Weyl tensors ()2.50|) . 1)2.511) contain the primary Weyl tensor 

Qao{s),...,ap{s),ap+2{s2),---,a.p+p2{s2),---,aq{sf,) ^2 52) 

associated with the Young tableau ()2.50p having the minimal possible number of 
cells 
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(2.53) 

It can be interpreted as the invariant tensor of ^\ associated with the flat space 
mixed-symmetry field described by the Young tableau with the minimal number 
of cells. In the AdSd background all other Weyl tensors in ()2.50p turn out to be 
expressed through derivatives of the primary Weyl tensor ()2.53|) by virtue of Bianchi 
identities. 

The primary Weyl tensor (j2.52j) parameterizes the components of the curvature 
defined by the formula 



Qao{s),...,ap(s),ap+2{s2),---,ap+p2 (s2),.--,a<j (sfc) ^2;) 
j^[ao...ap]; ao{s-l),...,ap(s-l),ap+2(s2),---,ap+p2{s2),...,aq{sk) ^rf,'^ 



(2.55) 



As follows from the analysis of [201 IHHl IHO] , primary Weyl tensors are classified 
by the cohomology group H^^^{a^), where (T_ is the part of the full AdSd covariant 
derivative that decreases a number of Lorentz indices (cr_ was called r_ in PI5J). It 
has the following structure 

^_(^)ao(ro),...,a,K) _ ^ « . (^^^ A R^ro), -Mn+l) Mr,)^ ^ (2.56) 
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where «j(rj) are some coefficients and P*^*-* are projectors that guarantee that l.h.s. 
of ()2.56p is some Young tableau F (rg, . . . , r^) from the hst of Lorentz representations 
(|2.26|) . (j2.27p associated with the system under consideration^. As a consequence 
of the flatness of the AdSd covariant derivative (2.13), the operator (T_ turns out to 
be nilpotent, cr^ = 0. (Note also that the operator cr_ is Lorentz invariant.) Then 
one can see that Bianchi identities require a part of the curvature associated with 
a primary Weyl tensor to be (T_ closed, i.e. to satisfy o"„(-R) = 0. On the other 
hand any cr_ exact part of R can be adjusted to zero by an appropriate choice of 
constraints for auxiliary and extra fields. 

It is elementary to see that the curvature (j2.55j) belongs to H^~^^{cr_) using a 
basis for Young tableaux with antisymmetries associated with the columns manifest. 
Indeed, the application of a- ()2.56p may give a non-zero result only if the index of the 
frame field is contracted with some of the indices of the shortest columns of height 
p+1 (all other terms are projected to zero by the projectors in (|2.56|) because any 
Young tableaux with a cell cut from any other column is not in the list of the Lorentz 
representations associated with the chosen field). In that case, the result is also zero 
because of the Young property of Young tableaux in the antisymmetric basis, which 
requires that antisymmetrization of all indices of some column and any index from 
some other column of less or equal height gives zero. The antisymmetrization over 
p + 2 indices results from contraction with p + 2 frame 1-forms. 

Thus the curvature ()2.54|) . ()2.55p is (T_ closed. But it cannot be cr_ exact be- 
cause the Young tableau ()2.53|) just does not appear among the Lorentz repre- 
sentations contained in exact curvatures. Indeed, tensoring the form indices with 
the tangent ones for any allowed W in the exact representation _R'^o(»-o), ■■■ .a?!*-?) = 
cT_(iy)'^°''^°^' ■■■ '"'^'"''^ it is possible to obtain tableaux with at most p cells in the last 
right column. 

Note that traces contained in the primary Weyl tensor need separate consider- 
ation because traces of components having different Young symmetry types may 
be related. We therefore consider traceless C'"o(s),.--,ap(s),ap+2(s2)v,ap+P2(«2),-,a9(sfc)^2,^ ^ 

Bq~^'^{s, ... ,.§, .§2, • • • ,g2 , • • • , Sfc) only. 

p+1 P2 — 1 

Thus, the frame-like formulation of the mixed symmetry massless higher spin 
fields we propose leads to the on-mass-shell nontrivial primary Weyl tensor 
(jaois),...,ap{s),ap+2is2),--;ap+p2(s2),---,ag{sk)^r^'^ invariant under AdSd higher spin gauge sym- 
metries. By construction, it contains s — §2 derivatives of the physical field^ and is 
described by the Young tableau ()2.53j) . Other tensors in ()2.5()j) contain more (but no 
more than s) derivatives of the physical field. They are expressed via derivatives of 
the primary AdSd Weyl tensor but are expected to become in the fiat limit primary 
Weyl tensors associated with independent fiat higher spin subsystems. 

^For particular examples of mixed-symmetry fields having Young symmetries of the types Y{2, 1) 
and Y{2, 2) the form of a- can be easily read off from Eas. (|3.6|l . of next section. 

''This is because additional indices in the curvature compared to the original physical field are 
carried by the space-time derivative operators which appear either through derivatives in the higher 
spin curvature or upon resolving constraints for auxiliary and extra fields in terms of derivatives 
of the physical fields. 
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3 Examples 



To illustrate the general scheme described in section 2, we first consider two simplest 
examples of mixed-symmetry fields, namely, a three-cell "hook" field $"(^)'''(a;) and 
a four-cell "window" field ^"■('^^'''('^^ (^x). In each case we present the full set of p-form 
gauge fields which consists of the physical and auxiliary fields and build the actions 
which properly describe irreducible {A)dSd dynamics^. We derive the second-order 
equations of motion on the metric-type fields and <|)'^(2),f)(2)^^-j which, in 

an appropriate gauge reproduce the equations obtained by Metsaev j22|- The sets 
of fields we use in this section are equivalent to those used by Zinoviev in jSUj to 
describe "hook" and "window" tableaux within first-order formalism. The universal 
p-form description suggested in this paper makes higher spin symmetries manifest, 
however. In the flat limit, the "hook" theory yields an additional symmetry not 
placed in the initial {A)dSd formulation. The case of "window" tableau is generalized 
to rectangular two-row Young tableau of an arbitrary length in subsection 3.3. The 
action is uniquely fixed by the extra field decoupling condition. 

3.1 Three-cell "hook" tableau 

Consider Lorentz-covariant "hook" field <|)['^^]''^(x) which is antisymmetric in the first 
two indices^ '^(a;) = — and satisfies the Young symmetry condition 

$K'=](a;)=0. (3.1) 

The Lagrangian formulation for the metric-type field $[°*l''^(x) in the fiat background 
was elaborated in [3 |H]. The corresponding action is invariant under the gauge 
transformation 

^^[ab], c ^ gagbc _ Qb gac ^ P^"^^ - ^"At^'^l + S^A^ (3.2) 

with antisymmetric gauge parameter Is}-'^^\x) = —A^''"'^(x) and symmetric gauge 
parameter S"'^{x) = S''°'{x). There is the level-2 gauge transformation with the 
gauge parameter ^"-{x) 

SS""^ = Sid""^^ + d^C) , 5A["''1 = d^C - d^i^ . (3.3) 

The generalization of the flat theory to AdSd was constructed in It was shown 
that an appropriate deformation gives rise to an action invariant under 

^^[ab],c ^ 2r'^A["''l - D^A''''^] + ©''A'""! , (3.4) 

while the gauge symmetry with the parameter 8°"^ is lost in AdSd- The absence of 
this gauge invariance is in agreement with the fact that physical degrees of freedom 

*In the case of dSd space-time we do not require the theory to describe unitary dynamics with 
bounded energy. 

^In what follows, we adopt for "hook" and "window" Young tableaux antisymmetric basis 
notations. Namely, indices placed in square brackets are assumed to be antisymmetrized as 
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of massless AdSd fields are not described by irreps of Wigner little group o{d — 2) 
j23j . For this particular example, an AdS^ massless "hook" field decomposes in the 
flat limit into a massless "hook" field and a massless spin-2 symmetric field. 

To reformulate the AdSd theory of the metric- type field [2S1 within the 

scheme of section 2 we introduce the physical and auxiliary 1-forms 

egl = dx^ ej^'^ , J^'^ = dx^ ^^I'^'^l (3.5) 

with antisymmetric tangent Lorentz indices. Linearized curvature 2-forms associ- 
ated with ()3.5|) are 



rgl = Ve^lfl + KA J^"^ , 7^g'=' = vJ^'^ - 3X^ h^'' A eJ^J , (3.6) 

where X> is a background Lorentz-covariant derivative. These curvatures are invari- 
ant under the gauge transformations 

= ^^e!o)' + hc^^m^ , ^^Jt^ = ^^Sr^ - ^''^^(0) (3-7) 

with 0-form gauge parameters ^|q^' and ^|o)"^^ antisymmetric in tangent indices. The 
gauge symmetry implies the following Bianchi identities 

Drg] + KA 7^g^^ = , P7^g^^ - 3X^ h^'' A rg = . (3.8) 

To see how the metric-type field $[°'''l''=(x) is encoded in the gauge field ey^"'^\x) with 
the gauge law ()3.7|) we decompose the Lorentz-covariant 1-form gauge fields ()3.5|] 
into different Young symmetry type components as 



Ur}"^"^ ~ uj^"^'^''^ © r'"''"'^! , (3.10) 

where the tensors $["^1''^ and o;!"''^]''^ contain their traces. The tensor <|)["'']'^ g 
i?f~^'^(2, 1) is identified with the dynamical metric-type field. Its gauge transforma- 
tion derived from ()3.7p reads 

and is in agreement with (j3.4j) . The totally antisymmetric component X^""^^"^ of 
^n""^^ [x] is compensated by the gauge shift generated by the 0-form gauge parameter 

The Lorentz-covariant fields combine into a single 1-form field with {A)dSd tan- 
gent indices as 

q[ABC] _ Aab] [abc] tj[ABC] _ [ab] ^[abc] AABC] _ Aab]^Aabc] c)\ 

"(1) —^^(1)^^(1) ' -"-(2) ~ ' (2) ^ '^{2) ' ?(0) ~ ?(0) ^'5(0) • l-J'-^^J 

The gauge transformations, curvature and Bianchi identities take now the form 

5^^Sfr^ = I^o^l^r^ , R'^^' = /^o^^Sf)"^' , I^oi?l^r^ = , (3.13) 
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where Dq is the background {A)dSd derivative ()2.13|) . ()2.14|) . 

The most general parity-invariant action is written in terms of {A)dSd covariant 
tensors 

S2 = Y, J^^ eABCDM,...M,,.E^^ A ... A E'^'^ V'^^^-^ A Rf,f A R^^e 

(3.14) 

+ ^ / eABCDM,...M,,,E''' A ... A i?^^ V^^-- A Uf.f A R%f Ve Vf ■ 
Here ki,2 are arbitrary dimensionless constants. By adding the total derivative term 

^ J^^ d{eABCDEM,...M,,,E^'' A...AE''^ V''^^^ A Rf,f A i?gf ^ V^^) , (3.15) 

the freedom in ki 2 can be fixed up to an overall multiplicative factor in front of the 
action ()3.14|) . The variation of the action yields the following equations of motion: 

^ e[^V...M,_,i5;*'^ A . . . A i?*^-^ A i^fjr'''' = 0- (3-16) 



^^(1) 

Converting all world indices into tangent ones, the equation of motion ()3.1(ip can be 
rewritten in terms of Lorentz-covariant components ()3.12|1 as 

: ^ {nj'-^''5''^d + 27^,J'^*''l) = , (3.17) 



^ (rfc[^;'''=5"ld + rd[^''^']) = 0. (3.18) 



The general solution for these linear restrictions on the curvatures r and TZ which 
conform Bianchi identities ()3.8|) is 

rg] = h,Ahd Tt"''!'!^'^] , (3.19) 

7^g'' = hdAhf C^-'"^U<if] ^ (3.20) 

where 0-forms Cl'^^'^l' I'^/l and Tl"*]'!^'^] are described by traceless two-column Young 
tableaux 

^[abcUdf] = , T^abUcd] = . (3.21) 

They parameterize those components of the field strengths which can be nonzero 
on-mass-shell and are called higher spin Weyl tensors. The tensor T^^'''^'^^^ is the 
particular case of the primary Weyl tensor ()2.53p . The tensor C^"'^'^'^'^'^^\ corresponds 
to the additional Weyl tensors ()2.50|) and can be expressed as a first derivative of 
rpiab],[cd] ^ Note that in the limit A = the tracelessness condition for T^'^'^^'^'^^ disap- 
pears. This reflects the fact of appearance of an additional symmetry in Minkowski 
space (see below). 
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The equation ()3.18p is the constraint which expresses the auxihary field in terms 
of derivatives of the physical field. By gauge fixing X^"-'"^'^ to zero (cf. ()3.7|) . ()3.9p ) 
one finds 

^[abc],d _ _}i^J^a^[bc],d _ jyb^[ac],d _|_ jyc^[ab],d ~j ^ (3.22) 

For this gauge it follows that Y"^"'^ = in ^HT)^ . Substituting (HT^ into the 
equation ()3.17p which contains first derivatives of the auxiliary field, one finds the 
second-order equation on the metric-type field ^t"^!''^ 

(p2 + ... + 3A2)<|.H.^ = 0, (3.23) 

where terms containing Vc^^^"'^''', P^<|)["'']'^ or $1"'']'^ are omitted. The covariant 
D'Alembertian is 

where is the background Lorentz-covariant derivative ()2.1()j] . This equation 
coincides with that found in [21] and, in the covariant gauge $1"'']'^ = 0, reproduces 
the equation found by Metsaev [221 ■ 

By virtue of Bianchi identities ()3.8|1 . the second-order equation ()3.23|1 can be 
equivalently rewritten in the form 

^^^V^apbcidf ^ , (3.25) 

where F^"^^'^"^^ = pI^^M'^l + ig the F(2,2) projection of the physical 

curvature ()3.(j|l . By construction, the tensor F^"'^^'^'^'^^ is invariant under the 
gauge transformations of the metric-like field ()3.11|1 . This implies that the second- 
order equation of motion ()3.25p which has the symmetries of the field $["^1''^ is gauge 
invariant. 

Now let us discuss the fiat limit of the action ()3.14|) and equations ()3.23|) . ()3.25|) . 
As is seen from the equations of motion ()3.1(ij) . all terms containing poles 1/A enter 
the action through total derivatives. As a result, the action admits a well defined 
fiat limit at A — >• ()3.14|) upon adjusting appropriate total derivative terms carrying 
negative powers of A. Indeed, making use of the freedom in the parameters ki^2 
()3.14|) . the action ()3.14j) can be rewritten in the form valid both for the fiat and 
{A)dSd backgrounds 

S2= f eabcdms...m,h"'' A ... A /i'"^ A r?' A r?2^) . (3.26) 

For the fiat space case one replaces V.^ — ^ dm- The equations of motion have the 
form ()3.19|) and ()3.20p at A = 0. However, a special feature of the theory in the fiat 
limit is that, in accordance with ()3.2|) . an additional symmetry with the symmetric 
parameter S"'' = S''", S^a ^ appears in fiat background [23j for the second-order 
field equations (|3.23|) . Note that trivialization of the second equation in (j3.2ip in 
the fiat limit is just the Noether identity for this new symmetry. 

It is worth to comment that in our formalism there is a systematic way to show 
that the gauge invariance with the symmetric parameter S°'^ appears in the fiat limit 
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by observing that the expression ()3.22|) for the auxihary field Ci;[°*'^l''^($) in terms of 
the metric-type field turns out to be invariant under the gauge transformation with 
the parameter 5'"'' in the fiat limit. The existence of two types of first-order invariant 
expressions 

^[a6],M(^^) and cu["'"=]''^($) for the "hook" field which are invariant under 
gauge transformations with antisymmetric and symmetric parameters, respectively, 
was originally found in [71 123- These tensors get natural geometric interpretation of 
particular field strength and connection in our geometric approach. The difference 
in their interpretation is because only one of the two types of symmetries remains 
unbroken in AdSd- 

3.2 Four-cell "window" tableau 

The mixed-symmetry field described by the four-cell rectangular "window" tableau 
was considered in jini IHll EH] for the fiat background and in [21] for the {A)dSci 
background. Here we demonstrate how our approach reproduces the analysis of 

Consider Lorentz-covariant "window" field <|)["^]' [^'^l(x) antisymmetric in the first 
and second groups of indices and satisfying the Young symmetry condition 

$[afe,c]d^^^ _ Q_ (3.27) 

The corresponding gauge symmetry is given by 

^^[ab],[cd] _ ^aglcd\,b _ ^bg[cil\,a _j_ 'pcg[ab],d _ ^dg[ab],c (3.28) 

with the parameter S^"'^'^'^{x) antisymmetric in the first two indices and satisfying the 
Young symmetry condition ^["^'^'(x) = 0. The gauge parameter can be chosen either 
traceless [12] or not [29j. In the latter case the gauge transformations (j3.28|) are 
reducible: the transformation SS^"'''^''^ = 2T>^ A""^ — V"" A^^ +T>^ A'^'^ with antisymmetric 
parameter A^°-^^ leaves invariant 1'='^] ()3.28j) . 

In accordance with the general prescription of section 2 introduce the physical 
and auxiliary 2-form fields 

eg^ = dx^ Adx^eirrn^ ^"''^ , J^'^ = dx^ A dx^ UJlrnr^ ^"''"^ (3.29) 

with antisymmetric tangent Lorentz indices. Linearized curvature 3-forms are 

^(3? = ^^42) +hcA ^S'' ' ^(3^^ = ^^^S'^ - h^" A eg . (3.30) 
They satisfy Bianchi identities 

Prgjl + h,A 7^[35^1 = , Vn^^''^ - 3A' /il" A rg = (3.31) 
and are invariant under the gauge transformations 

(5eg' = V^iS + ^-^ ^(1)'^ ' '^^(?' = ^^!?' - h^" A (3.32) 
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with the 1-form gauge parameters and ^j"^^^ antisymmetric in tangent indices. 
The gauge transformations ()3.32|) are reducible. The corresponding transformations 
of the gauge parameters ^'"^^ and ^j")*^' read 

^eS' = Vx^^ + Kx^^^ , = PxSr' - h^^'X^) (3-33) 



with the level-2 0-form gauge parameters X(o)'' X(o)^^ antisymmetric in the tangent 
indices. 

Decompose the 2-form gauge fields ()3.29p into 

Cr^"^^ ~ $H'M © xt'^''"!''^ © Y^"^"'^'^ , (3.34) 

where the tensors x'"^'^'''^, cjl"^'^!'!'^'^] and have the Young symmetry 

types F(2, 2), Y{2, 1, 1), F(2, 2, 1) and Y{2, 1, 1, 1), respectively (and contain trace 
parts). The components X'"'"^'''^ and combine into a single 1-form 8^^^^ which 

can be gauge fixed to zero by the shift generated by the 1-form gauge parameter ^j"^*^' 
()3.32p . The remaining component $["'']'['^'^] in ()3.34p is identified with the dynamical 
metric-type field and belongs to -82"^'^ (2, 2). Its gauge transformation derived from 
(ITia reads 

(J^H.M _ q>)a^[cd],b _ 'j^b^[cd],a _|_ pc^[ab],(i _ -pc(^[ab],c ^ (3.36) 

where the parameter ^[''^1'^ g i?f^^'^(2, 1), i.e. is antisymmetric in the first two 
indices, satisfies the Young symmetry condition ^["^''^l = and has non- vanishing 
trace ^''^^^'t 7^ 0. In fact, the parameter ^1'^^]''= is the component of the 1-form gauge 
parameter ^|"^^ with its totally antisymmetric part fixed to zero with the aid of the 

level-2 gauge parameter X(o)'^^ fl3.33|) . 

The Lorentz-covariant component fields combine into the single 2-form field with 
{A)dSd tangent indices as 



[ABC] 
(2) 


- ^(2) y 


[abc] 
3 t^(2) , 


td[ABC] 
^(3) 


- ^{3} t 




■ [ABC] 
■(1) 




(.[abc] 


A ABC] 
X(0) 


- X(o) t 





(3.37) 

The gauge transformations, curvature and Bianchi identities take the form 

(3.38) 



.(^[ABC] _ AABC] .AABC] _ [ABC] 



where Dq is the background AdSd derivative ()2.13|) . ()2.14p . 

The parity-invariant gauge invariant action is uniquely fixed to the form 

S2 = ^ J^^ eABCDEFMr...M,,,E''' A ... A E''^ V''^^^ A Rf,f A /2gf ^ . (3.39) 
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Its variation gives rise to the equations of motion: 

- ^ e^''''M,...M,.X'' A ... A E''^-^ A Rfj''^''-^ = . (3.40) 



s:n,lABC] ~ ^ " Mi...Md-2-^ / \ . . . / \ -l^ "-"-(3) 

Rewriting the equation ()3.4()j) in Lorentz-covariant components one finds 

-0 ^ 7^!:;''=] = /^,A/^eA/^/C['^^^]•['^^^^ (3.41) 



r Jab] " ^ '-(3) 



6S~ 



2 _ n ^ 



^ ^3^=0, (3.42) 



- '(3) 

where the 0-form C'l'^*'^'' l*^^-^! is an arbitrary traceless tensor 

(j[abcUdef] ^ Q ^3 

with the symmetry properties of the two-column Young tableau y(2,2,2). This is 
the Weyl tensor 

The equation (|3.42j) is the constraint on the auxiliary field which expresses it in 
terms of derivatives of the physical field. Gauge fixing X'"^'^'''^ and to zero 

one solves (HO^ as 

[abc],[de] _ pa^[6c],[de] _ pf)^[ac],[de] _|_ -pc^[afe],[de] ^ ^[abcd],e _ y^labcde] _ g ^ (^3 44) 



Substituting this solution into the equation (|3.4ip which contains first derivatives 
of the auxiliary field, one finds the second-order equation on the metric-type field 

(p2 + ... + (d + 2)A^)$["^]'[^'^] = , (3.45) 

where ellipses denote terms containing and ^"-^y^y is the covariant 

D'Alembertian given by ()3.24|) . The equation is invariant under the gauge trans- 
formations ()3.36p and, in the covariant gauge = 0, reproduces the equation 
found by Metsaev |22j. As expected the fiat limit of the field equation ()3.45p 
yields no additional symmetries. 

Note that the field uj\°-^^^'\-'^^^i^x) (j3.35|) which appears as y(2,2, 1) component of 
the auxiliary 2-form connection in our formalism, was introduced by Zinoviev in 
pUj . The Lagrangian of jSU] is a particular gauge fixed version of ()3.39|) . 



3.3 Two-row rectangular tableaux 

Consider now an arbitrary two-row rectangular Lorentz-covariant bosonic field prop- 
agating on the fiat or {A)dSd background. The consideration of the present section 
is in many respects parallel to that of 1201 ISS] for totally symmetric higher spin 
fields. 

Introduce 2-form gauge field which forms an {A)dSd tangent tensor described by 
the three row rectangular Young tableau Y{s — 1, s — 1, s — 1) 

^A(s-l),B{s-l),C{.-l) ^ ^^rn ^ ^^n A(.-l),B(s-l),C(s-l) ^ (3_4q) 
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subject to the tracelessness condition 



^A{s^l),B{s^l),C{s-l) ^ _ p, /o A7\ 



All other traces are also zero as a consequence of the Young symmetry property. In 
other words, f2(2) G i?o~^'^(s — 1, s ■ 
covariant higher spin tensors gives 



other words, f2(2) G Bq ^'^(s — 1, s — 1, s — 1). The decomposition into the Lorentz- 



s-l 



i=0 

where all Lorentz Young tableaux on r.h.s. of ()3.48|) are traceless. In accordance 
with the prescription of section 2, the Lorentz-covariant 2-form field with zero third 
row {t = 0) is called physical, while those with non-zero third row are auxiliary 
{t = 1) or extra {t > 1) and express via derivatives of the physical field by virtue 
of certain constraints. We do not discuss here the structure of constraints for extra 
fields as they do not contribute to the free equations of motion. The auxiliary field 
is expressed in terms of the physical one by virtue of its field equation. 
The gauge transformations are 

with the 1-form gauge parameter ^(i) subject to the same irreducibility conditions as 
the field fl(2)- In its turn, the gauge parameter ^(i) has level-2 gauge transformation 

with the level-2 0-form gauge parameter X(o) • 
The linearized higher spin 3-form curvature 

^A{s~l),B{s-l),C{s-l) ^ ^^^A{s~l),B(s-l),C(s-l) ^3 

is invariant under the gauge transformations ()3.49|) . 

In accordance with the general formula ()2.22|1 the metric-type field is a part of 
the physical field 

^a{s),b{s) _ j^[afe];a(s-l),b(s-l) ^ (3.52) 

where the 2-form world indices of the physical field are converted into tangent ones. 
Other components of U(^2) \mn\"'^'^~^^''^^'^~^^ can be gauged away with the aid of the shift 
gauge parameters ^(i) m"'^'^~^^'''^^~^^'^- As a consequence of the tracelessness condi- 
tion (|3.47|) imposed on the (|3.46j) . the field (|3.52p satisfies the double-tracelessness 
conditions 

$'^(^^''(^)^a(2)r/a(2) = . (3.53) 

Thus $"(^)'*(^) e B2~^'\s,s). From ^Hu^ it also follows that 

^"^'^'"^'^ VabVbi2) = , ^^^'^''^'^ Vai2m2) + 2 ^^^'^''^'^ VabVab = . (3.54) 
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These are trace conditions of the work [T^, where two- row mixed-symmetry fields 
on Minkowski space were considered. 
The gauge transformation law is 

^^a(s),b{s) _ 'j-)b^a{s),b{s-l) _|_ 'j-)aj^b{s),a{s-l) ^ (3.55) 

Here the gauge parameter A is defined as 

j^a(s),b(s~l) _ ^a;a(s-l),b(s-l) ^ (3.56) 

and satisfies the trace conditions 

^^^^^^^^^^ ^ Q ^ j^ais)Ms-i) ^^^^^ ^ . (3.57) 

Being a consequence of the gauge law ()3.49|) . this definition is consistent with 
()3.53p and ()3.55|) . In accordance with general consideration of section 2 we see 
that A«(«).M^-i) G Bt^'\s, s-1). 

The metric-type gauge field (j3.52|) subject to the trace conditions (j3.53|) is analo- 
gous to that considered in |13^ . The field trace conditions of j,13j arise automatically 
in our approach as a consequence of the irreducibility of the 2-form in the tangent 
indices. The difference however is that the gauge parameter is not required to be 
traceless. Instead, weaker trace conditions ()3.57p are imposed, i.e. we have more 
gauge symmetries manifest in our approach. 

Let us look for a parity-invariant action in the form 



^ (3.58) 



j^A^B{s-2),A2C(s-2),A-aD(s-2~P)F{p) . o A5 AeD{s-2-p) 

Ait(3) A it(3) *B(s-2), C(s-2), '^'Pip) , 

where arbitrary coefficients a{s,p) should be fixed by the extra field decoupling 
condition. This action makes sense for d > 6. Its general variation is 



- 'A /• rf-9-f2 5-p . . , 

/ ,Z^( 7 7\ a{s,p) + {s-p~l)a{s,p-l 



{d - 5) Jm^ ^0 ^ {s-p-l 



2(s-p)-3 



f AiB{s-2),A2C(s-2),D{s-p-l)F(p) .^^As A4 A5D{s^p-2) 



F{p) 



r(^AiB{s-2),A2C{s-2),D{s-p-l)F{p) jjAz Ai A5D{s-p-2) 

(3.59) 

To impose the extra field decoupling condition one should require all terms in ()3.59j] 
to vanish except for that with p = 0. This requirement fixes the coefficients a{s,p) 
up to a normalization factor d{s): 

a(P, s) ^ ^_ /s-,ns-,-m-n.2is-,m ^^^^^ 
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With these coefficients a{p, s) the action depends essentially only on 



,A{s-l),B{s-l) 
■(2) 



,A(s-l),B{s~l),C(s~l) 
'(2) 



Vc(s-l), 



(3.61) 



which is automatically l^-transversal, and on the K-transversal part of 



,A(s-l),B{s-l),C 
'(2) 



= a 



,A{s-l),B{s-l),CD{s-2) 
'(2) 



Vd{s-2) ■ 



(3.62) 



These are, respectively, the physical (t = 0) and the auxiliary {t = 1) fields. The 
extra fields do not contribute into the free action as guaranteed by the extra field 



the action gives rise to the higher spin action expressed entirely in terms of the 
metric-type field fl3.52j) and its first derivatives. The gauge invariance is inbuilt 
by construction. The fiat limit does not yield any additional gauge symmetries. 
This is in agreement with the general analysis of [23j, where the class of Poincare 
irreps described by rectangular tableaux was argued to admit an AdSd deformation. 
Therefore, the resulting action possesses correct higher spin gauge symmetries and 
describes properly both Minkowski and {A)dSd free dynamics. 

4 Conclusion 

The general approach proposed in this paper provides manifestly gauge invariant 
framework for the formulation of the dynamics of mixed-symmetry massless higher 
spin gauge fields in (anti) de Sitter and flat space. As demonstrated by the particular 
examples, the realization of the relevant sets of higher spin fields in terms of p-forms 
taking values in certain irreducible representations of the {A)dS algebras simplifies 
analysis considerably and looks promising for the description of the Lagrangian 
dynamics of a general mixed-symmetry field in {A)dSd- Because higher spin gauge 
forms introduced in this paper should result from gauging of some non-Abelian 
higher spin symmetries the proposed approach provides an important information 
on the structure of underlying higher spin algebras. 

Let us note that our approach gives less components for a generic mixed-symmetry 
metric-type field compared to other examples considered in the literature [l2jj within 
local formulation of higher spin dynamics. This phenomenon takes place starting 
from the first nontrivial example of the field of the symmetry type 1^(3, 2). It remains 
to see whether this indicates some type of reducibility of models of Ref . |T2] , or is 
a matter of particular gauge fixing, or is specific for higher spin dynamics in AdS^- 
The same time we have more higher spin gauge symmetries manifest compared to 
some other examples jTH] . 




is expressed in terms of 
by virtue of its equation of 



a(s—l),b(s—l),c 1 1 • ; 

uj,2) back mto 
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